Abstract. In this paper we characterize the differentiating-dominating sets in the join, corona, and lexicographic product of graphs. We also determine bounds or the exact differentiating-domination numbers of these graphs.
Introduction

Let G = (V (G), E (G)) be a connected graph and v ∈ V (G)
. These concepts were parts of investigation in [2] and [7] .
A subset X of V (G) is a dominating set of G if for every v ∈ V (G)\X , there exists x ∈ X such that xv ∈ E (G), i. 
It is a strictly differentiating set if it is differentiating and N G [u] ∩ S ̸ = S for all u ∈ V (G). The minimum cardinality of a differentiating set in G, denoted by d n(G), is called the differenti-
ating number of G. The minimum cardinality of a strictly differentiating set in G, denoted by sd n(G), is called the strict differentiating number of G. A differentiating (resp. strictly differentiating) subset S of V (G) which is also dominating is called a differentiating-dominating (resp. strictly differentiating-dominating) set in a graph G. The minimum cardinality of a differentiating-dominating (resp. strictly differentiating-dominating) set in G, denoted by γ D (G) (resp. γ SD (G)), is called the differentiating-domination (resp. strict differentiatingdomination) number of G. Some of these concepts may be found in [4] and are investigated in [1] , [3] , [5] , and [7] .
In a given network or graph, a differentiating set can be viewed as a set of monitors which can actually determine the exact location of an intruder (e.g. a burglar, a fire, etc.). By requiring such a set to be dominating implies that every vertex where there is no monitor in it is connected to at least one monitoring device. Hence, determination of the differentiatingdomination number of a graph is equivalent to finding the least number of monitors that can do the certain task in a given graph or network. In some contexts, differentiating dominating sets are called identifying codes (see [8] ). Now let G be a connected graph of order n and suppose that there exist (distinct) adjacent
. Consequently, G cannot have a strictly differentiating set. Thus, unless otherwise stated, throughout this paper, G is a point distinguishing graph of order n ≥ 3. Moreover, whenever the concept of strictly differentiating set of a graph G is mentioned in this paper, it is always assumed that ∆(G) ≤ n − 2.
Preliminary results and characterizations
The following two simple observations are worth mentioning. Remark 2.1. Every differentiating set in a connected graph G is a locating set. 
Proof. Suppose γ
Now, since S has only three different non-empty subsets, |V (G)| = 3. Therefore, since G ̸ = K 3 ,
For the converse, suppose that G = [a, c, b] = P 3 . Let S = {a, b}. Then, clearly, S is a differ-
The following simple results give specific relationships between d n(G), sd n(G), γ D (G), and γ SD (G) for a connected graph G.
Proof. Let S be a minimum differentiating set in G. Then S is not a dominating set in G.
Since S is a locating set (Remark
This implies that there exists w ∈ S such that w z ∈ E (G). This shows
Proof. Let S be a minimum differentiating set in G. By assumption, S is not a strictly differen-
This implies that there exists
. This establishes the desired equality.
Lemma 2.7. Let G be a connected graph of order n
Proof. Let S be a minimum strictly differentiating set in G. From the assumption, S is not a dominating set in G. Hence, there exists a
i.e., S * is a strictly differentiating (dominating) set. Therefore
Proof. Let S be a minimum differentiating dominating set in G. Then S is not a strictly differ-
Differentiating dominating sets in the join of graphs
The join G + H of two graphs G and H is the graph with
Theorem 3.9. Let G and H be non-trivial graphs of orders m ≥ 2 and n ≥ 2, respectively. Then S ⊆ V (G + H ) is a differentiating dominating set in G + H if and only if S G = V (G) ∩ S and S H = V (H ) ∩ S are differentiating sets in G and H , respectively, and either S G or S H is strictly
differentiating.
∩ S, contrary to the assumption that S is a differentiating set for G + H . Thus,
Suppose now that one of S G and S H is not a differentiating set,
This is impossible since S is a differentiating set for G + H .
Therefore, S G and S H are differentiating sets in G and H , respectively.
Next, suppose that both S G and S H are not strictly differentiating sets in G and H , re-
∩ S, contrary to the fact that S a differentiating set in G + H . Thus, S G is a strictly differentiating set in G or S H is a strictly differentiating set in H .
For the converse, suppose S G = V (G) ∩ S and S H = V (H ) ∩ S are differentiating sets in G and H , respectively, and where S G or S H is a strictly differentiating set. Let x and y be distinct
S is a dominating set in G + H .
The next results are direct consequences of Theorem 3.9 or of its proof. 
Proof. Suppose S is a differentiating dominating set in G + H and suppose v ∈ S. Since S is differentiating and |V (H )| ≥ 2, V (H ) ∩ S ̸ = . Also, since N G+H [v] ∩ S = S, V (H ) ∩ S must be a strictly differentiating set in H . Suppose now that v ∉ S. Then S ⊆ V (H ) must be a dominating set in H . Since N G+H [u] ∩ S = N H [u] ∩ S for every u ∈ V (H ) and N G+H [v] ∩ S = S, S is a strictly differentiating set in H . Hence S is a strictly differentiating dominating set in H .
The converse is clear.
Corollary 3.13. Let G = K 1 = 〈v〉 and H a non-trivial graph. Then γ D (G + H ) = γ SD (H ).
Proof. Let S be a minimum differentiating dominating set in G + H . Suppose first that v ∈ S.
Then V (H )∩ S is a strictly differentiating set in H , by Theorem 3.12. Hence, sd n(G) +1 ≤ |S| = γ D (G + H ). By Remark 2.4 and Lemma 2.7, γ SD (H ) ≤ γ D (G + H ). If v ∉ S, then S is a strictly differentiating dominating set in H by Theorem 3.12. It follows that γ SD (H ) ≤ |S| = γ D (G + H ).
Thus
Now let S be a minimum strictly differentiating dominating set in H . Then S is a differentiating dominating set in G + H by Theorem 3.12. 
Differentiating dominating sets in the corona of graphs
The corona G 
Theorem 4.14. Let G (not necessarily point distinguishing) and let H be non-trivial connected graphs. Then C ⊆ V (G • H ) is a differentiating dominating set in G • H if and only if for every v ∈ V (G), one of the following is true:
and let x, y ∈ V (H v ), where
, where
This implies that C 1 is differentiating in For the converse, suppose that C satisfies (i), (ii), (iii), or (iv) for every v ∈ V (G). Let
. Consider the following cases:
(iii), and (iv). Therefore,
Since V (H u )∩C and V (H v )∩C are non-empty disjoint sets, and
Accordingly, C is a differentiating dominating set in G • H .
Corollary 4.15. Let G (not necessarily point distinguishing) and let H (point distinguishing)
be non-trivial connected graphs. Then
Proof. Let C be a minimum differentiating dominating set in G. Then
From Theorem 4.14(i) and (ii), Remark 2.4, and Lemma 2.5,
and Remark 2.4. Thus,
Next, let S be a minimum strictly differentiating-dominating set in H . For each v ∈ V (G),
Differentiating dominating sets in the lexicographic product of graphs
The lexicographic product G[H ] of two graphs G and H is the graph with
Observe that any subset C of V (G)×V (H ) (in fact, any set of ordered-pairs) can be written Now let x ∈ V (G) and suppose that T x is not differentiating in H . Then there exists distinct
Again, this gives a contradiction. Therefore, T x is a differentiating set in H .
To prove (iii), let x and y be adjacent vertices of G with
and T y are not strictly differentiating in
. This contradicts our assumption. Therefore, T x or T y is strictly differentiating in H .
To prove (iv), let x and y be distinct non-adjacent vertices of G with N G (x) = N G (y).
Suppose that T x is not a dominating set in H . Then there exists a ∈ V (H )\T x such that
). This implies that d ∈ T y and cd ∈ E (H ). Therefore, T y is a dominating set in H . This shows that (iv) holds.
For the converse, suppose that conditions (i), (ii), (iii), and (iv) hold. By (i) and the fact that G is connected, it follows that C is a dominating set in y, b) . Consider the following cases: 
